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I. Introduction

N two-dimensional approaches, laminated anisotropic plates and
shells have been extensively studied by means of the classical

lamination plate theory (CLPT) and the first-order shear deformation -

theory (FSDT).

The fact that some important modes of failure are related to in-
terlaminar stresses motivated researchers to search for higher order
modeling approaches that will serve the purpose of giving predic-
tions of acceptable accuracy and at the same time will be capable
of being implemented in practice. -

In the literature are found a number of higher order shear de-
formable models; these models can be grouped into three categories!
as follows. 1) Approaches based on an assumed global (i.e., for
the whole laminate) nonlinear distribution along the thickness of the
in-plane displacements or the transverse shearing stresses (smeared
laminate models). Since the power expansions in the x; coordinate
belong to the C! class of functions at least (continuity of func-
tions and their first derivative), incompatible transverse stresses
appear at interfaces of adjacent layers if the layers have different
mechanical properties. 2) Approaches based on an assumed piece-
wise displacement or stress distribution in the thickness direction
(discrete-layer models). Most of the models of this class impose
continuity conditions as constraint conditions on each layer, re-
sulting in the number of governing equations increasing with the
number of layers in the laminate. 3) Zig-zag models based on piece-
wise linear or nonlinear through-the-thickness displacement distri-
butions having discontinuous derivatives to allow for appropriate
jumps in the strain and stress using the same number of displace-
ment variables as in the corresponding smeared laminate models. In
the following we will be interested in the zig-zag models. Specif-
ically, we will make reference to the general formulation recently
given by Di Sciuva.? The development of shear deformable, mul-
tilayered anisotropic plate finite elements follows the same path
as in the analytical modeling approaches. For a review of the ex-
tensive bibliography on the subject, see the references quoted in
Refs. 3-5. In effect, as a basis for the formulation of plate ele-
ments of this type, many investigators have employed the smeared
laminate models, whereas others make use of the discrete-layer
models. In the first approach, the multilayered anisotropic plate
element is reduced to an equivalent single anisotropic layer ele-
ment. Many of the finite element formulations belonging to the
second group make use of at least one solid or plate element per
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layer in the thickness direction. Then this approach requires numer-
ous unknowns, and as a consequence, these formulations become
nontractable in the solution of practical engineering problems. The
multilayered anisotropic plate finite elements formulated on the ba-
sis of the zig-zag plate models overcome this drawback because
the number of nodal parameters is independent of the number of
layers.>*

Based on the refined third-order zig-zag plate model, Di Sciuva
et al.* recently formulated an eight-noded general quadrilateral plate
element with 56 degrees of freedom (DOF): 10 DOF of the comner
nodes (the two in-plane displacements, the two-shear rotations, the
transverse displacement and its first and second derivatives) and
4 DOF per midside node (the two in-plane displacements and the
two shear rotations). Thus, this plate element is characterized by
a quadratic variation of the in-plane displacements and shear ro-
tations and quintic variation of the transverse displacement in the
element. Only preliminary numerical results were given in Ref. 4.
The purpose of the present Note is twofold: 1) to give a brief review
of a recent generalization of the zig-zag approach to anisotropic
multilayered plates of general lay-ups and 2) to further substantiate
the accuracy of the developed eight-noded, curvilinear quadrilat-
eral plate element. To this end, finite element solutions for thick-
ness distribution of transverse shear stresses are compared with
analytical results from three-dimensional elasticity and other ap-
proximate two-dimensional plate models. The numerical investiga-
tions performed in previous works and in the present one reveal
the superiority of the zig-zag approaches on the other approximate
bidimensional models.

II. Multilayered Plate Model

We consider a plate of constant thickness 2 made of N parallel
thin layers of anisotropic materials perfectly bonded together. The
thickness of each layer is assumed to be constant and the material
to possess a plane of elastic symmetry parallel to the plate reference
surface . Material properties and thickness of each layer may be
entirely different. Let x, be a rectangular Cartesian frame! on Q, x3
being the normal to 2. (In-this Note, if not otherwise specified,
the Einsteinian summation convention over repeated indices will be
adopted with Latin indices ranging from 1 to 3 and Greek indices
ranging from 1 to 2.) In developing a multilayered plate model that
fulfills the contact conditions on the transverse shearing stresses, we
assume the following displacement field? (in developing the plate
model, we assume o33 = 0):

Ha (%)) = ua () + Uax)); fa(x;) = u’(xg) (1)

where

R

uo () = L (x3)ul (xp) ©)

r=0

gives the contribution to the in-plane displacement that is continuous
with its derivatives with respect to x3 (this is the classical expansion
used in the smeared laminate models); )

N-1
Ua(x) = D P (xp)[xs — x| Hy 3)
k=1

gives the contribution to the in-plane displacement that is contin-
uous with respect to x3, but with jumps in the first derivative at
the interfaces between adjacent layers. Here, H, = H[x; — x3(’°)] is
the Heaviside unit function and ¢ (x,) are functions to be deter-
mined by satisfying the contact conditions on the transverse shearing
stresses at the interfaces. The details of the derivation are given in
Di Sciuva.? The functions L% (x3) can be given by any set of linearly
independent functions, with at least continuous first derivatives with
respect to x3.

As discussed by Di Sciuva,? many multilayered plate models
proposed in the literature can be obtained as special cases of the
previous one. Here we will focus our attention on symmetric lam-
inated plates in bending. For these plates, let the reference surface
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be the midsurface of the plate and let the set of the basis functions
L% (x3) be

LOC%;) =1; LO(x3) = x3 @

e 2r~1)
LO(x3) = x3 [1 53 (%) for r=2,3,...
r—
, (5)

This set allows us to satisfy the static condition of zero transverse
shearing stresses on the bounding surfaces of the laminate. The
third-order zig-zag plate model formulated by Di Sciuva! follows
in a straightforward manner from the general expressions by setting

u® (xg) = —u); uD(xg) =0 per r=3 (6)

in Eq. (2). The result is?
N-1
o (x)) = —xsul, + £ (x3)ga + 85 p_ b [x —xP B (D
k=1

where, to adhere to the notation used by Di Sciuva,! we have posed

uQ (xp) = ga(xp); f(x3) = L®(x3)

)2 k=1

b = Agph, k + 1){1 —4[’%] } + Ak k+1) Y al?
g=1

®

The quantities Agg(k, k + 1) and ag;’) are depending only on the
transverse shear mechanical properties of the constituent layers.
Their expressions are given in Di Sciuva.? Notice that Eq. (7) is
simply a series expansion in x3 of #,, with basis functions having
discontinuous first derivative with respect to x3 at the interfaces
between layers but continuous in the interior of the layers. Substi-
tution of the displacement field into the linear strain-displacement
relations and use of the dynamic version of the principle of virtual
displacement yield the equations of motion and boundary condi-
tions. They are given in Di Sciuva.?2 We are delighted to note that
by setting bgg = 0, Eq. (7) reduces to that used in the third-order
smeared laminate plate model; further, by setting f(x3) = x3, the
displacement field used in the first-order shear deformation plate
theory is obtained.

III. Finite Element Formulation

This section summarizes the displacement finite element formula-
tion of the third-order zig-zag plate model discussed in the previous
section, Eq. (7). For further details, see Di Sciuva et al.*

The plate element formulated on the basis of the third-order
zig-zag plate model has 10 DOF at each corner node, and 4 DOF
at each midside node, thus giving a total of 56 DOF. For the corner
nodes, the nodal parameters are the five generalized displacements®
Uy, W, 8y, the two total rotations 3, w, the two curvatures 9y, w, and
the twist 95w of the reference surface . (To prevent the notation
from being cumbersome, we make the following change in nota-
tion: u® = u, and ugo) = w.) For the midside nodes, the nodal
parameters are the two in-plane displacements u,, and the two shear
rotations g,,. In the sequel, this plate element will be named RHQ56.

Notice that the finite element formulation based on the displace-
ment approach for the plate model here considered requires C* ap-
proximation of the transverse deflection w, and C° approximation
of the in-plane displacements u,, and of the shear rotations g,. Thus,
we have used the tensor product of Hermite quintic polynomials as
interpolation functions for w, and the following serendipity inter-
polation functions for u, and g,:

Ni= 11 +&H)A +mm)EE +mn-1) for i=1,234

Ni = (n2/2) (1 = ) + mim)

+ (&2 /2)A+&6)A—n") for i=5,6,7,8

where &; and »; are the coordinates of the nodal point i in the natural
plane.

Thus, the RHQ56 plate element is a typical quadratic element
(also called serendipity element) for the in-plane displacements and
shear rotations. [Notice that following the scheme given at the end
of the previous section, it is possible to derive from the RHQ56
plate element the corresponding plate elements formulated on the
CLPT, on the FSDT, and on the third-order or higher order shear
deformation theory (HSDT).]

Note that the element is able to model a constant strain state
and a rigid-body displacement field in the membrane and transverse
behavior. (In this last case, a constant strain state is a state at constant
curvature or torsion of the midsurface.) In addition, the element is
conforming due to the continuity of the displacements and the slopes
across adjacent elements.

The formulation is isoparametric for u,, and g, and subparametric
for w.

The formulation of the element elastic stiffness matrix, the con-
sistent mass matrix, and the nodal loads vector follows the quite
standard rules of the finite element method and is not given here.
Explicit expressions for these matrices are given in Ref. 4.

IV. Numerical Results and Concluding Remarks

To show the accuracy and reliability of the RHQS56 plate
element, in the following analytical and finite element results
are given for the bending under sinusoidal transverse loading
Pa(x1, x2) = posinzmx;/asinmx,/a of a five-layered, symmetric
cross-ply (0/90/0/90/0) square plate under special simple sup-
port boundary conditions, i.e., supports that allow normal dis-
placements on the boundary but prevent lateral contraction -(in
other words, hinged edges, free in the in-plane normal direction).
The layers have equal thickness and the mechanical properties
of the unidirectional layer are E; /Ey = 25, Gy r/Er = 0.5,
Grr/Er = 0.2, and vi,r = 0.25 (L and T are the directions par-
allel and normal to the fibers). The plate thickness to span ratjo is
alh=4.

Because of the interest in the estimates of the transverse shear
stresses, only the thickness-wise distributions of these stresses
are plotted. In addition, only the stress distributions predicted by
the constitutive lamina relations are quoted. Figure 1 compares
the thickness-wise distributions of the transverse shear stress o3
as predicted by the present third-order zig-zag plate model (refined
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Fig. 1 Thickness-wise distribution of the nondimensional transverse
shear stress in a five-layered symmetric cross-ply (0/90/0/90/0) strip un-
der sinusoidal loading, as obtained from constitutive equations: analyt-
ical results,
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Fig. 2 Thickness-wise distribution of the nondimensional transverse
shear stress in a five-layered symmetric cross-ply (0/90/0/90/0) square
plate under bisinusoidal loading, as obtained from constitutive equa-
tions. Analytical and finite element method results.

HSDT [RHSDTI]) with those predicted by the exact elasticity
solution® and other commonly used bidimensional plate models:
FSDT and HSDT. The quoted results refer to the cylindrical bending
problem in the (x1, x3) plane. This sample problem has been inves-
tigated for purpose of comparison with exact elasticity solutions.6
1t is remarkable the very good correlation existing between the esti-
mates of the RHSDT plate model and the exact elasticity solution.
On the contrary, notice the inadequacy of all smeared plate mod-
els to give acceptable prediction for this quantity. Figure 2 refers
to the bending of a square plate and compares analytical and finite
element results. Because of symmetry, only one quarter of the plate
has been modeled with 5 x 5 plate elements. All of the results were
obtained by using the Gauss quadrature formula with 5 x 5 integrat-
ing points. Notice the high accuracy of the developed plate element.
It should be remarked that numerical tests not reproduced here for
sake of brevity show that 1) when compared with third-order plate
modeling (HSDT), which will not fulfill the continuity stress con-
ditions at the interfaces, the proposed third-order zig-zag approach
also improves the prediction of the through-thickness distributions
of the in-plane response (in-plane displacements and stresses) and
2) this plate element is practically locking free and behaves well
also in distorted configurations.

It is concluded that the proposed approach gives very accurate
results for low plate thickness ratios and high relative values of the
elastic moduli and does not require any arbitrary shear correction
factor. It is of importance to remember that the thickness-wise dis-
tributions were obtained from the lamina constitutive equations. It
is the authors” opinion that the most important numerical advan-
tage of the third-order zig-zag approach is in the finite element
formulation, because continuous thickness-wise distributions of the
transverse shear stresses can be obtained without resorting to the
integration of the local equilibrium equations. In effect, the last ap-
proach requires second derivatives of the displacement field, thus
lowering the accuracy of the approximation.
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Introduction

N this Note, a circular cylindrical shell is assumed to be simply

supported. The material behavior of the shell and the rib is lin-
early elastic, and the material is homogeneous and isotropic. The
solutjon of a ribbed shell under a concentrated load is obtained by
considering the shell and the rib separately. The interaction forces,
which arise along the contact line between the rib and the shell
are expanded in Fourier series, and then the solutions of the ring
and the shell under the interaction forces are obtained. The unit
displacement matrix is used with the boundary conditions, which
gives the unknown amplitudes of the interaction forces. Thus, know-
ing these amplitudes, the displacements under the loads are obtained
from the ring or from the isotropic shell, In this way the analytic
solution of the ribbed shell is accomplished. At the end of this Note,
a numerical example is discussed and the solution is summarized in
the figures and table.

Formulation of the Ribbed Shell

The ends of the shell (Fig. 1) are assumed to be supported with
diaphrams (not shown in the figure) that are very rigid in their plane
and flexible out of the plane, so that the shell can be considered to
be simply supported.

After all parameters of the problem are expressed in Fourier series,
the equilibrium equations of the shell are

[®1n{X}m = {Xo}m ¢))

The unit displacement matrix [®] of the total system includes the
rib [8] and the isotropic shell [®;] unit displacement matrices,

([@1] + [EDm{X}m = {Xo}m ’ )]

This expression can be written in the form

weow [ W W Xoy _ Jwo 3)
Yr U sh r Ut rgdm Xz m Yo sh,m

The unknown quantities X; and X, denote the amplitudes of the
interaction forces and are obtained from Eq. (3). The displacements
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